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Simple OHP Equipments for the Demonstration of
Centrifugal Spherical Waves /a Group of Minute Article
Using Moiré / Reversal Moiré and the Evaluation

Tkuo KITAGAKIT, Member
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rotation
(r,8)

moving of

fixed line the crossing

overlapped
3 line
®M1 TEADOBH

Fig. 1 Moving of a crossing.
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(a)aq example of overlapped
line

(b)fixed line

(e)circular waves moving
in- a constant
velocity

B2 =7vicksROMARETEDER
Fig. 2 Presentation of circular waves by moire.
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(a) Flow is straightly radial
and | Al =const.

¢ le ™

(b} Flow is straightly radial
and ldlel/r.

3 “REToOETN
Fig. 3 Model for “divergence” .

v A BERET 5 &, ABOERERS, EOHC
ETTHON, BHIn5.
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DEFIL
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(a)t))tf
rotation

(b)t<<tg
rotation

overlapped

overlapped line

line

(c)an example of optical
fllusion

R4 MEFORRLER(RKOIIDOBEETHS)
Fig- 4 Shape of a minute article and its
optical illusion.

OHPLETERTAEFDOHBROUENLLRRLELD
FHiE (BREN) BB THLIOCRLD &V HIER
(optical illusion) MEATZ(ThiZ, K4(c)T, 7
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LD, T, EXER»NSTE R FLOLD
BRI D EMBHD. ZDXIREEND, ¢
=0.3mm, tf=0.18mm}_'iﬁb7’;.

(BEszgmiEg - ) 5T, KEOBEEREO
PE ¥ (distance of neigboring lines) % «(8), F7c
r()DEREERRY r(6) £T5. ThXhD<v
v R TRET AN ERL bR dIRE, KRADE
HNRBHETHS.

24+ < min  t(f
HER 0,200, (8

sz, t(0)=(r(8)scosé| (9
EEH . tp< min res/2=rys/2 10

roSrsry

¥ 5L, KD D EFTHE. K, 0piR
e AT, 4, A DERL2LLT, KT
RETE3Z LRETBCHLN T » T 5.

¢ <min(zr(8y), v(8,)) 10

(M FH L o) BEEREBEBRIXIT 2K
DIET, FOEEAMELTES L, ROKIHE
Bexiedfch, BEFARKG6@D L S MFEVFET
WAMD L 5t ->TLES. 22T, TOELER

4

(a)

(b)distance of neigboring lines

6.0r

Q :OD=71/4 /0/0'
0
A ZGD=7!/2
O :8n=3n/
4.0k D";//)
_’lrr[mm] /" PN
//”//A//
& . —g—— a——f——0—— 0—
2.0k ~_g—0——0—=a
y = '
'/ r [mm]
0 40 80 120 160 200

The line pitch is =/60
5 BEEESREIERE(0)

Fig. 5 Distance of neigboring lines 7(8).

(a)shape of a minute article

t
t
VR

— —
T e fixed line

Tin
over\a‘“’ed

(b)likelihood of a minute article

0.60F oo g—g—aT
/Q/D/A/—A"
/Q A /n/o/a’
0.4019 e P
s
/ s 0:0p=n/4
Q
0.20F / ‘A:GD=7I/2
e Q:8p=8n/4
/° —> rimm]

0 3080 120 160 200
X6 BMEFOHMKEBHNTOLS o(0p: BEA)

Fig. 6 Shape of a minute article and likelihood
of a minute article ( 8: angle of operation).

XaBHGCTHEE TS LE o(likelihood of a minute
article ) *EHET 5.
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(e)minute articles diffused
radtally In a velocity which

(b)fixed 1ines for the

articles diffused
radially

M7 RET7VvRIDEBMTFHEOER (05 BRIFA)

Fig. 7 Presentation of minute articles by
reversal moire (8, angle of operation).
(a)presentation of electron

accelarated
radially

2
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%
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®
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a
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o
3
(c)minute articles diffused o 2
radially in a constant//f<j’/a - | 2
velocity TS Q} Ty —>r ry, 3
v
L >
% (b)overlapped
On
o
o
[44

ri{mm] 80

(d)overlapped lines for
n=-1, HD=2n/3

X8

BORREBBED =7 1

Fig. 8 A model of concentric spherical

electrodes.
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(a)moiré pattern by radial
lines on radial lines
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Fig. 9 Presentation of lines of electric
force by radial lines.
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Fig. 10 Extracted factor axes.
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xRl E7VvHAIHT ATy —- EABDOSH
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SUMMARY

This paper describes simple OHP equip-
ment as an aid in the teaching of physics,
for example, electromagnetics by demonstrat-
ing centrifugal spherical waves and a group
of minute articles radially progressing. A
Moiré pattern is produced by using two grated
transparencies having certain lattices, one
fixed, and the other rotated. In this paper,
rotating type Moiré patterns are used since
they are easy to operate. Each lattice is
designed as a function of the propagation
velocity of eachk phenomenon to be demon-
strated. The model of the movements of a
group of minute articles is used for the
divergence in a vector analysis. A reversal
Moir€ is used for this model. This paper
discusses the method of designing the grated
transparencies required for these models.
Another model for demonstrating the electric
force around a dipole is described, formed by
overlapping two identical transparencies in a
slightly shifted position. It is proven in
this paper that this overlapped pattern
agrees with the pattern of an electric field
formed by a set of parallel lines charged
positively and negatively, respectively, and
with a homogeneous density. The responses
of students to this equipment are analyzed
via factor analysis, and the factor axis
representing "idea" gains a relatively high
mark.

1. Introduction

A Moiré pattern 1s formed when two
types of grating are overlapped. The Moiré
pattern changes greatly with a minor change
of the relative positions of the two gratings.
This is used for various precision measure-
ments including engineering apparatus; for

example, crossed diffractings [1], measure-
ments in biological information [2], measure-
ments of displacement in a laser system [3],
television test patterns [4], analysis of a
CCD image [5], and an improvement of the
quality of a facsimile. Moiré patterns have
also been attracting attention in the forma-—
tive arts.

Moiré patterns are being studied for
educational uses other than the above-de-
scribed applications, notably for physics
education, e.g., a demonstration of phe-
nomena related to waves. Moiré patterns can
simply and dynamically demonstrate a wave
phenomenon which is otherwise not easily
seen. These patterns are effective educa-
tional media since they attract the students
interest. For example, the refraction of
plane waves, ‘longitudinal waves, and centri-
fugal spherical waves [7], are demonstrated
for OHP by using a certain set of two grat-
ing transparencies: one fixed (a fixed
transparency), and the other, moved in a
parallel motion (overlapped transparency).

In this paper, the designs of grated
transparencies representing centrifugal pro~
gressing waves and minute articles progress-
ing in a radial pattern are described mainly
for studying electromagnetic systems.

First, centrifugal progressing spheri-
cal waves are represented by grating an
overlapped transparency for convenience of
its operation. The pattern for this trans-
parency 1s derived as a function of the wave
propagation velocity. The rotating of the
pattérn has advantages in that the centers
of the two transparencies can be semifixed
with a pin, the deviation of the trans-
parency during the operation can be pre-
vented, and a continuous display can be

ISSN8756-6621/85/0012-0017$7.50/0
© 1985 Scripta Technica, Inc.



carried out by rotating one of the trans-
parencies with a motor.

Second, a group of minute articles,

- which simulates mainly a fluid motion in a
vector analysis, is represented by a Moiré
reversal [8] which is a reversed Moiré pat-
tern. The transparencies for this represen-
tation are designed by using various param-
eters which determine the shapes of minute
articles other than their velocity.

A case where the two radial grated
transparencies are overlapped is also dis-
cussed in this paper, although this a static
representation. In this example, it is shown
that this Moiré pattern agrees with a set of
electric lines produced by two parallel lines
having positive and negative electrical
charges, respectively.

The word "simple" in the title of this
paper means that the use of this OHP equip-
ment 1s simple and economical. Simplicity
and economy are the essential requirements
for educational equipment expected to be
used widely. This is taken into account,
therefore, in the equipment in this paper.

A simulation of the centrifugal spherical
waves by a Moiré pattern will be useful for
educational equipment for demonstrating sound
waves for high-school (or younger) students,
although this is a limited range of physical
phenomena. Since vector analysis is an im-
portant item of the curriculum which is com-
mon in fluid dynawmics, its simulation with
the Moiré pattern will be useful in a wide
range of educational purposes.

2. Model for Centrifugal Spherical
Waves

An item of educational equipment for a
simulation has two purposes: (1) the demon-
stration of an actual physical phenomenon;
and (2) the establishment of a model. The
Moiré patterns described in this section are
mainly for the latter, i.e., the development
of a fundamental model. .The model deals with
centrifugal spherical waves propagating in a
homogeneous medium or in a medium whose
propagation constant varies in a concentric
circular shape, its propagation velocity
being established initially with a relatively
simple function.

Since the wave motion is demonstrated
by turning the pattern, a combined pattern of
the line group on the fixed grated trahspar—
encies (fixed lines) and that on the over-
lapped grated transparencies (overlapped
lines) must be independent of the direction
of its rotation. This means that the two
groups of lines must be stretched radially
from the center, and their pitch must be

equal. Since the Moiré pattern is determined
solely by the relative position of the two
groups of lines, the fixed lines are chosen
to be straight lines. When the two groups
of transparencies are overlapped, all the
cross points of the two groups of lines move
toward their edges with the rotation of the
overlapped lines, as shown in Fig. 1, and
they demonstrate the propagation of centri-
fugal spherical waves. The overlapped lines
are represented by a. polar coordinate (x, 8),
and the propagation velocity v is given by
the following equation:

n

v o< r (1)
From Fig. 1, the following equation holds:
v=dr/d0 , @

where 8 can be regarded as the angle of rota-~
tion of the overlapped transparency itself.
For obtaining r(6), the boundary equation r
=1y at 6 = 6, and r = r] at 6 = 61 (> 8q);
r0 and r] are the two ends of the overlapped
lines, for convenience; rl > rqg can gener-
ally be acceptable. From Eqs. (1) and (2),
the following solutions are obtained.

When n # 1,
1
r=(A6+B)™"" 3)
where
T;n+| __T_o,,-u 0|T;u+l _oor;vﬁl
A=————————— B=
01 - 00 01 - 00
4)
When n = 1,
[}
0,—00
71
r==C'(———) (5)
To
where
8, _ LA
0, -6 6 -6
C=ry " ¢ # '°? (6)

81 - 89 (= GD) is the angle required
for moving rg to r}. Let us call 6p "the
angle of operation.”" If 6p is too small, the
wavefront in the demonstration pattern moves
too much, making it hard to see. If 6p is
too large, the manual operation becomes dif-
ficult. It has been found experimentally
that 8p between about 7/16 and 2n/3 gives
the best result. Let us call this range
"the operation angle range."

Let a pitch between the lines be s
(rad), and the thickness of each line be sy



(rad). To make the wave pattern independ-
ent of r, as much as possible, the thickness
of the line is taken in proportion to rQ; s
and sy are chosen as follows.

If s is too small, adjacent lines are
overlapped around the center of the pattern,
losing the Moiré pattern; sy has a property
similar to that of s. These values are
chosen, therefore, s = n/160 and sy = 0.4 s.

Figure 2 shows examples of the grated
transparencies designed: (a) as the over-
lapped lines for m = 0; (b) the fixed lines;
and (¢) the overlapped pattern of (a) and
(b); (c) shows a constant wavelength, since
n = 0. When the overlapped transparency (a)
is turned clockwise, the centrifugal propa-
gation of circular wavefronts can be seen.

3. Model of the Radial Propagation of a
Group of Minute Articles by Using a
Reversal Moiré

The grated transparencies for a re-
versal Moiré are made by drawing a group of
lines with an extremely fine pen, and by
reversing them (making the lines transpar-
ent). When the two transparencies are over-
lapped, light can pass through only the
cross points of lines so that each cross
point represents a minute article.

N\,

rotation
(r,8)

moving of

fixed 1lline the crossing

overlapped

o Ilne

Fig. 1. Moving of a crossing.

(a) An example of overlapped (b) Fixed lines

lines

3.1 Fluid in a vector analysis

Figure 3 shows patterns relating to a
"divergence" (after Berkley [9]). Both Figs.
3(a) and (b) show fundamental models. There
are many wrong answers by students to a
question of vector analysis of Berkley's
fluid model [10]. The patterns shown in
Fig. 3 are considered to be an important
example in assisting the students in cor-
rect understanding of this phenomenon.

Using a cylindrical coordinate (r, 9,
z), div A in a vector space A is expressed
by

1 {o
divA=——-—[ (ra,) + 9ay }+ 9, €))

T aT 60 az

For the case shown in Fig. 3, 3/36=23/%3z = 0,

i.e., only the first term of Eq. (7) remains.
Therefore,

1 @
diva=L 3lre)
T ar

(8)

Figure 3(a) shows the model for ar
= const, and Fig. 3(b) shows that for ar
« 1/r. When v = ap in Eqs. (1) and (2),
Fig. 3(a) corresponds to a case for n = 0,
and Fig. 3(b) to n = -1.

For the study of presuming a fluid
model from div A, it is often simply assumed
that div A = 0 or div A = const (not zero).
For such ap,= 1l/r, ar = r.

Considering as above, it will be suffi-
cient to provide three kinds of models, n
= -1, 0, and 1, for educational purposes.

The already-mentioned Berkley model is described
in this paper.

For determining the pattern of the
overlapped lines, Eq. (3) or Eq. (5) can be
used, similarly to the case of the above-
described circular progressing waves. The
fixed lines should be radial, since the

(c) Circular waves moving
in a constant
velocity

R
'\yGA\
\\

‘Fig. 2. Presentation of circular waves by Moiré.



~ N\

N

— A

«— l

v /N

V2R SRR NN
Flow is directly radial
and |Al=const.

(a)

Fig. 3.
(a)t))tF (b)t((tf
rotatfion rotation
’ /.
——7
Wt / / T =
s T S
" Fixed —%
lines - Fixed
t t lines
Overlapped Overlapped
lines lines

(clan example of optical
fljusion

Fig. 4. Shape of a minute article and its

optical illusion.

direction of each fixed line is the same as
the direction of propagation of minute
articles. To represent the group of minute
articles as a checkered pattern, the pitch
of the fixed lines sf 1s chosen as half the
pitch of the overlapped lines sf.

The following parameters required for
drawing the lines are shown by using the
case of n = 0.

Thickness of lines t and tgf

It is.assumed that the thickness tf of
the fixed lines rg(08) and the thickness t of
the overlapped lines r(8) are constant inde-
pendently of r.

Figures 4(a) and (b) show the shapes
(thick frames) of a minute article for

!
S VR VR
~ \ I /] -
N A - -~

(b) Flow is directly radial

and |A]=<1/r.

Model for "divergence."

t >> tf and t << tf, respectively. When

the overlapped transparency is turned cloc¢k-
wise, the minute articles move in the direc-
tion of the thick arrow in each of Figs. (a)
and (b). Figure 4(b) on the OHP, however,
suggests the minute article moving in an
upper-right direction (dotted arrow) due to
its shape. This optical illusion is similar
to another illusion in Fig. 4(c): a set of
concentric circles appears to be spiral [1l1].
To avoid this illusion, a condition t > tf
is added. If t >> tf, however, the image of
a minute article becomes unclear since the
crossed area 1s too small. Considering all
the requirements, the values are determined:
t =0.3 mm and tj = 0.18 mm,

Distance between two adjacent lines

Let the distance between two adjacent
lines [shown by a thick line in Fig. 5(a)]
be 1(0), and the tangential line coordinate
form be r(8). To avoid the overlapping of
adjacent lines in a grated transparency,
following conditions are required.

Overlapped lines:

t< min_ (0)
W =0=0, (9
where (8) = |r(8) s cons EJ.
Fixed lines:
t,< min cs/2= 2
A s/2=r10s/ (10)
Figure 5(b) shows examples of calcu-
lated value of T in Eq. (9); 6p in this
figure shows the angle of operation. It is
known from the analysis that Eq. (9) can be
replaced by the following equation, inde-
pendently of n:
¢t <min(z(8,), 7(8,)) an

Likelihood of a minute article



(b) Distance of adjacent
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The line pitch is = /60
Fig. 5. Distance of adjacent lines 1(8).

If the angle of the fixed lines and the
overlapped lines are similar around the cross
point of the two kinds of lines, the shape
of a minute article becomes an elongated
parallelogram as shown by the thick line in
Fig. 6(a), since the thickness of the lines
is no longer negligible. The "likelihood of
a minute article" p can be represented by the
base and height of the parallelogram as fol-
lows:

p=t,/L=t,|sinE|/t (12)

where p < 1, since t > tg. By using the fol-
lowing equation:

tané=r/(dr/d0) (13)

becomes as follows:

t, 1
T TR ae

where k is the constant of proportion in Eq.
(1), and given as follows:

A

= 1 e r———————
when n k ]

when n =1 k=1log(r,/re)/(0,—6,)
(15)

(a)shape of a minute article

t

t
{”f 1 :

fixed line

1ine
ver\a‘wed
(b)likelihood of a minute article

o—g— =

0 i,
o /U—"A’A”A

0:9D=n/4

0.20f //’ Aibp=n/2
/ D:GD=37(/4
3 o
_————;r[mm]

n ' i A

0 0 120 160 200

Fig. 6. Shape of a minute article and like-
lihood of a minute article (6p: angle of
operation).

Figure 6(b) shows the results of calculation
of Eq. (14). 1In this equation, tg/t is
chosen to be 0.6, from the thickness of the
line previously described.

Determinqgion of Values for the Param-
eters, and Making Grating Transparencies

It has been confirmed by a visual in-
spection that a minute article can be recog-
nized when p is greater than 0.4. Also, it
appears to be a naturally moving article
when p is greater than about 0.05, although
the longer axis of the article somewhat dis-
turbs its image when p is less than 0.4.
Based on these data, and referring to Fig.
6(b), the lower limit of r (which is rg) was
chosen to be 20 mm, and 6p was chosen as
large as possible; 8p = 2r/3 was chosen from
the previously described range of the angle
of operation; ri = 120 mm was chosen from
the restriction of the hardware.

s = /60 was chosen to satisfy 20 < r
£ 120 in Eqs. (9) and (10). Figure 7(a)
shows the pattern of the overlapped lines
r(8). Figure 7(b) shows the fixed grated
transparency. Figure 7(c) shows the pattern
formed by overlapping (a) over (b). When (a)
is turned clockwise, (c) appears as if a
group of minute articles scatter centri-
fugally at a uniform velocity. These ex-
amples are based on the fundamental model
shown in Fig. 3(a).



Figures 7(a) and 7(e) show similar pat-
terns based on the fundamental model shown in
Fig. 3(b), i.e., for n = -1,

3.2 Representation of a group of elec-
trons in a set of concentric
spherical electrodes

Figure 8(a) shows a representation of a
group of electrons in a set of concentric
spherical electrodes in which the electrons
are accelerated from the inner electrode (r
= ro) to the outer electrode (r = rj). This
pattern is formed by overlapping the over—
lapped transparency shown in Fig. 8(a) on
the fixed grated transparency shown in Fig.
7(b). The same method of the OHP demonstra=-
tion is applied to this set; i.e., when the
overlapped transparency is rotated clockwise,
the group of electrodes shown in Fig. 8(a)
moves toward the outer electrode so that
their acceleration is demonstrated dynamic-
ally. The equations representing the over-
lapped transparencies are as follows:

v /ro—1/7 (16)
Ty~ To
0=0,—Di{(r,—7r)+r,log
=7,
D const.(>0) 17

The equation representing the concentric
electrodes is as follows:

voclog(r/ry) (18)

where k is the constant of proportion in Eq.
(1.

§ = 1 f dr (19)
Tk log(r/re)

3.3 TFeatures of the reversal Moiré
pattern

A Moiré pattern and a reversal Moiré
pattern are similar, but they are different
in the following points.

(1) In a Moiré pattern, this can be
demonstrated by turning any one of the
transparencies as an example for the centri-
fugal spherical waves. In a reversal Moiré€,
a particular transparency must be turned.

(2) In a reversal Moiré pattern, the
direction of movement of the minute articles
is the same as that of the fixed lines. This

is not necessarily the same for a wave motion

in the Moiré pattern.
4, Demonstration of Electric-Force Lines
When two identical copies of grated

transparencies having radial straight-lines
are superimposed with a slight shift in their

relative positions, they represent a group
of electric-force lines around a dipole hav-
ing two centers 04 and O. as shown in Fig.
9(a). Oster et al. [12] have reported that
each curve in this pattern forms a circle,
but they have not described the density
distribution. The author investigates the
density on an approprilate sectional area,
and proves in this paper that these Moiré
patterns are parallel to each other, and that
the pattern agrees with the pattern of an
electrical field having positively and nega-
tively charged poles, respectively, and a
homogeneous charge density, i.e., * A(C/m).
The sectional area is chosen simply as

x = 0.

The general equations of the Moiré
pattern given by Oster et al. are described
by

F(x, y)=¥(4)

G(x, y)=0(k) (20)

6(h,k)=pP
wvhere F and G are two groups of lines on each
grated transparency pattern, and h, k and p
are integral numbers, respectively. In gen-

eral, 6 is an arbitrary function, but in this
particular case of group of radial lines,

h—k=p (21)

Taking the coordinates of 04 and 0. as (w,
0) and (-w, 0), respectively, F and G be-
come:

y=(x+w)tan(irn/s)
] (22)

y==(.x-—:o) tan(kn/s)

From Eqs. (21) and (22),

2+(_wf_[wmhur”y
x y Q Q (23)

when Q = tan (pmw/s). Putting x = 0 in Eq.
(23), the following equation is obtained:

-~

i=1_ﬁi’§i(.=_yw) L s=pn/s (20
w sin

Letting the line density on the y axis be o,

1
g= =1-—cos?d (25
ldy., )
» d?d
By substituting Eq. (25) into Eq. (24), yw
= V(2 - 0)/c can be obtained:

o=2/(1+y2) (26)
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A model of concentric spherical
electrodes.

It is well known that the electric
force lines of the above-described line-
charge form a circular pattern.

The ele-
tric field Ex=g on the y axis in Fig. 9(b)
can be calculated as

1
E

= .
§=0 Twe,

1
1+ (y/u0)° 27

By comparing fq. (26) with Eq. (27),

a °CE¢=0 (28)
This proves the initial question.

5. Evaluation of Educational Equipment

To investigate the reactions of stu-
dents to this set of OHP equipment, a ques-
tionnaire consisting of 21 questions in the

SD method, as shown in column (a) of Table
1, was made.

} The above-described Moiré pat-
tern equipment was demonstrated to 45 stu-

dents, and their comments were obtained by
marking in a 5-graded evaluation scale.

The data showing the students' re-
sponse to this questionnaire were analyzed
in three factors (a, B and y), and their

mean values were also obtained, as showm in
columns (b) and (c) of Table 1.

To simplify
the factor structure in the factor analysis,
an oblique intersection rotation (oblimax
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{2)moir€ pattern formed by two
identical sets of radial lines
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Fig. 9. Presentation of lines of electric
force by radial lines.

(-w,0)

criterion) was employed, after the solution
of the main factors was obtained. 1In col-
umn (a) of Table 1, the three largest fac-
tor loadings are underlined. The direction
cosine between the factor axes are: 0.48
for (o, B8); 0.35 for (a, v); and 0.22 for
(B, Y), as shown in Fig. 10. This shows
that a and B have most closed directionms.
Referring to questions in Table 1, an item
which is common in a and B 1is considered to
be "IDEA."

The mean values in cqlumn (c) of Table
1 are calculated by taking 1 for the left-
side question item, and 5 for the right-side
question item. An item which characterizes
the factor axes a and B obtained generally a
high mark. For example, it can be considered
that "IDEA" (shown in E and I in column (a)
of Table 1) have relatively high marks. An
item characterizing the factor axis vy has a
lower mark, i.e., the students did not have
a "FAMILIAR" feeling with it.

It is not necessary to show each line
clearly in a demonstration of waves, since
only a demonstration of their position is
required. For this kind of application, the
relationship between the not-sharply focused
OHP image and the easiness of seeing it was

axls a :
IDEA
INTEREST

axis 7

6r FAMILIARITY

axls B :
1DEA
MOGOD

Fig. 10. Extracted factor axes.

investigated. Let us call the distance, be- -
tween the center 0 of the OHP and the point
on which the pattern on the stage focuses,
as an "image-making distance" £. Let the
distance between 0 and the screen be n.

The image on the screen becomes clear at £

= n. Experiments were carried out by using
€=mn, 0.65n, 0.56 n and 0.37 n. Better
results were obtained at £ = 0.46 n and ¢

= 0.65 n, than others; the quality of the
images obtained with these two values 1s
almost equal; and that of £ = n was the next
best.

6. Conclusion

At present, simulations of physical
phenomena are carried out with computers.
This paper describes, however, a simple
educational OHP equipment using the Moiré
patterns and-‘reversal Moiré patterns which
demonstrate centrifugal spherical waves and
a group of minute articles, respectively.
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(a)overlapped lines
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(ch)moiré pattern of the waves
whose velocities are
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Fig. 2 Demonstration of centrifugal
spherical waves.
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K3 GEeTFr( =2 vADETATHELLZED)
{Al= const.

Fig. 3 A fluid model ( adapted from Berkley's
model) | Al= const.
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Fig. 5 Demonstration of a fluid model by
reversal moire-Flow is spirally
centrifugal and ' A!= const.
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(a) a dipole
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(b) cubic angle
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Fig. 6 A dipole and cubic angle.

TEbTE, LO)RKbIKRT IS D,
200,)=1-cos 0, | 20
LEHEIND. —F, 050, <0, RDOERNBEOKE
KENE, LUkl T5. Lich T, KERD
EMEEOREE Y dl/d0. (=sind,) ekl 5 &
St hE, 0=0,<0, DERDAR X, ViICiRE
i+ sz b sd. MT7la DR~ AE—-vD
Bk iR, ZORE<5— % 2HHFEL, Pk
HEcE T TCERGbE 5L, HbirTRE
E7UNRBLRA,. TITIL, ETUALZ—VORR
TEORPOLHX TREET VEAVWTER D, 706,
=xDEEDAEROELTWB(HEDOET LTI,
Elc)n X it ).
wic, BREBTHERIh2HOAA2-yEEER

Bl EEDET VDV TEBELTASB, IDLEE,

FREROEENESY c—y BT, Fla, y)=¥(4),

Glx, y)=0 (&) TEERTHE, #HYHEO, £)

mRLT, 64, k)=px#iETA". ik, 4&

ki, FRENDOEMENF T, @42 DEHRERET

AEEIETHD. T CDFITE, MEOPSV-ER

M, 0,1, cHSEMF LTS —FHpi,

=7 vE LTRAELLHBHFCECT, #aOfiR

(F7 2 lHB) HAETHLOT, LA ERIETH

5 (HThEK). 3T, Kbino=e7 v T, Han

Ao,k DOBMGI A S LA L D



R T7T vRFIH LR SOHD B BAEOB R

{a)lines on transparency

.
W

(c) moiré pattern
O(h,k)=h-k

note: In the Figure. "w" 1s set to be
about U.170em).

rh=32 /h=31 th=30 h=29
© ‘Ak=31 k=30\k=29 k=28 +- -~

N

-0

0 1 2Lem)

[ S —

{b)reversal moiré pattern

N
g,

\
$
N

o’

\)

\ \\\\\“"“”H/
R \\\\\Hlllml’/////
S ",

W g,

S )
\Q\\x\\‘ Y
N 723

>
s,

y /////////
V

/////,//

L

~

G(h, b)=h—k 21
PR D 2. T L TARl=cost. A EbTHIBL, H
GHEN L L L2 b R 2B 2 5
, HANBED LN EELLTUVLAHI il d. &
HZEd, LWFCRTHTTLHSHTH S,

REOBEAHK AR 2 — v o LoVERY (v, 0,
(—w, 0) 2L, R ¥aEr@EMTs L, 2

'
fod

Il

\ gk

0 1 20cm]
—_—

M7 HETCL2ERNEOHER
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SUMMARY

This paper reports on several simple
OHP equipments for education using Moiré
patterns. The first equipment is concerned
with centrifugal waves. The Moiré pattern
is produced by superposing two specified pat-
terns composed of straight lines and curves.
The two patterns are determined as functioms
of the wave propagation velocity. The sec-
ond is the fluid model used in demonstrating
such notions in vector analysis as diverg-
ence. The spiral travelling wave is simu-
lated using the reverse Moiré, which is a
counterpart of the Moiré technique. The
third is the equipment to simulate the elec-
tric lines of force produced by a pair of
point charges and is used in teaching elec-
tromagnetics. The patterns are designed also
for easy understanding of Moiré phenomena.
This paper describes the design procedures
for the patterns, indicating several points
to be noted in the actual application of the
equipments.

1. Introduction

A Moiré pattern is produced by super-
posing two kinds of patterns composed of a
number of straight lines and curves. The
phenomenon is utilized in high-accuracy geo-
graphical measurements and OHP equipments
for education in physics. 1In the latter ap-
plication, wave propagation phenomena such as
longitudinal waves and plane waves can easily
be simulated. Such presentation encourages
student interest in geometrical aspects,
serving as a simple means to enhance their
motivation.

In teaching wave propagation, it is
important not only to treat the wave propa-
gation in a simple medium, but also to exam-
ine the change of propagation direction and
speed at discontinuities of the medium, such

as in diffraction of light. There are al-
ready reports on the simulation of those
phenomena utilizing Moiré patterns [1, 2].

With the widespread use of personal
computers, on the right hand, dynamical
physical phenomena are now easily simulated
and many interesting problems are posed for
physics teachers. In the utilization of
Moiré,patterns, the OHP equipment, which is
a common equipment in science education, can
be directly applied and can be one of the
most useful media in physics education.

From such a viewpoint, the author has
reported on several OHP equipments for edu-
cation, such as those for radically travel-~
ling waves and a fluid model for vector
analysis {3, 8].- The basic models for each
of the phenomena hava already been discussed.
This paper reports on the development of a
model which can be paired with the basic
models for classroom demoustration. The
following three topics are considered.

The first is the model for centrifugal
waves, wherein the propagation velocity may
change discontinuously on concentric circles.
Special patterns are designed to produce
such Moirés by superposing and shifting two
patterns [4]. In this study, however, a
rotational scheme is employed from the view-
point of ease of operation and a formulation
is given for the patteras. ’

The second topic is the fluid model
for the vector analysis, which is useful in
understanding the basic concepts [6]}. By
employing the reverse Moiré, radial and
straight flow of fluid from the center can
be demonstrated [3]. In this paper, a spiral
model, which is often discussed in contrast
to the radial flow, is developed. This is
based on Berkeley's model [5].

The third topic is the static model,
which is a demonstration of the electric
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.lines of force generated by a dipole. The
configuration of the electric lines of force
from a dipole is one of the important items
of study in electromagnetics. This paper
discusses. the design methods for the pat-
“terns to be used in generation of the Moiré
patterns. )

2. Centrifugal Waves

This section presents the design for
the Moiré pattern simulating centrifugal
vaves. In generation of the Moiré pattern,
one of the patterns is fixed on the OHP
(called the fixed pattern) and the other is
superposed on the fixed pattern (called the
overlapping pattern). Then the overlapping
pattern is shifted to simulate wave motion.
In this case, the "shift" implies "rotation."

In the following, a model is considered
where the propagation velocity may be dis-
continuous on a concentric circle. The
circle of discontinuity is restricted to ome.
The case of two or more discontinuities can
be handled inductively owing to the restric-
tion of the size of the OHP stage.

In this problem, the wavefront is al-
ways circular whichever way the overlapping
pattern is rotated. The set of lines in the
fixed pattern (fixed set of lines) and the
set of lines in the overlapping pattern
(superposed set of lines) must be sets of |
radial lines with equal spacing. Since the
Moiré pattern is determined only by the rela-
tive locations of those radial patterns, the
fixed lines are designed for simplicity as
straight lines.

The fixed pattern and the overlapping
pattern are superposed so that the centers
of their radial lines (denoted by 0) coin-
cide. Then, with rotation of the overlapping
pattern, the intersection of the fixed and
overlapping set of lines moves away from the

center, as is shown in Fig. 1. Viewed as a
whole, this motion of the intersection repre-
sents the propagation of the centrifugal wave,
as shown later in Fig. 2(c). Assume that

the overlapping pattern is rotated at uni-
form speed. Let the propagation velocity of

the wave be v and represent an overlapping
line by the polar coordinate r(8). Then the
following relation is obtained from Fig. 1:

v=Adr/d0 (A const.) (1)

The initial setting for v is given by

v=Br"(B:const.) i.e., dr/d8=C+"(C=B/A)
(2)

where n is an integer. For educational pur-
poses, five values of n (= -2 - 2) will be
sufficient.

Let medium I be in the range ry Sr
< rg and let medium II be in the range r,
frc< r. The variables and constants in

media I and 11 are discriminated by the cor-

.responding subscripts. The values of 6 for

ro, rd and r, are denoted by 60, ed and 61,

respectively. It is assumed that the pro-
pagation velocity of the wave is multiplied
by u in passing through the circle r = T

Solving Eq. (2) under this boundary condi-
tion [8] (Appendix) to determine the over-
lapping line r(6), the following equation is
obtained:

1) When ny £1, ni $1,

1

( —nq+1 —ny+l —n g+l
{ el (le ~r )0} :
T +
04_00
r=
ro§§1'<:11
t
—netl gy y
{'rdnl +pKl(0—0d)} "l , TaS=STr<r,
(3)
where
~n|+l ~ul+l
r -r
K, =—2 ;
(—ny+1)(6,—8,) (4)
2) When ny 1, ngy < 1,
r"'{l)' re=T<ry,
= -1
rdexp{uK,r:I (0-6)), r,Sr<r,
(5)
3) When ny = 1, "1t 1,

—_ 54 —_



’d ’ 4

6, -0 0,-0 6,~0
rod L] “7q d O(Td/ro) d 0

r=7 reSr<nmry

1

~nptt :I;?T
(frg 1 +uK,(0,-0,)) y TS r <7y

(6)
where
K,={log(ry/70)}/(0,—6,) (7)
4) Whenny = ny =1,
T={ same as 3) reSr<ry o
rgexplaK,(6—-60,)} . rySr<r,

The most general case will be ny = nyp

= 0. The overlapping and fixed patterns for
this case are shown in Parts (a) and (b) of
Fig. 2, respectively. Part (c) is the Moiré
pattern when they are superposed. It is

set in this example that u = 0.5, i.e.,

vy = 2vII (= const.).

Iei - Bo| (= GD: operating angle) is
the rotation of the overlapping pattern re-
quired to shift the wavefront from T to r;,

which is a measure of the ease of operation
and visibility of the Moiré pattern. In
this study, OD of Fig. 2(a) was set by simple

experiment as approximately w/12. For the
range of n = -2 ~ 2 it is appropriate to set
BD = yx/16 ~ 2n/3.

3. Spiral Fluid Model Using Reverse
Moiré Pattern

Various kinds of fluid models are used

in teaching vector analysis. Especially, the

fluid model of straight and radial flow from
a point [8] and the spiral flow are used as
models for divergence. This section con-
siders the spiral fluid model shown in Fig.
3 and a design method is presented for the

fixed and overlapping patterns simulating the
flow. .

The reverse Moiré used in this simula-
tion is based on the following technique.
Two kinds of lines are drawn using an extra
thin pen. Parts of the lines are made trams-
parent and the other parts are black. Two
patterns are thus constructed in the reversal
and then are superposed. At the intersection
of the lines of the two patterns the light is
passed representing a particle. A set of
fine particles is thus represented as a whole

and the movement of the particles represents
the flow of the fluid. The spiral determin-—
ing the flow of the fluid can be preset on
the fixed pattern, and is given by the fol-
lowing equation (see Fig. 5(b)):

rf(ﬂf)==£0f (2 : const.) 9)
fhe overlapping pattern is designed as

follows. Assume that a fixed line rf(af)

and an overlapping line r(8) intersect at
point P, as in Fig. 4. Then assume that
r(8) is rotated by the clockwise angle Aeo

as shown in the figure. P on r(8) is moved
to R and the intersection is P'. Letting
the r coordinate of the intersection be rp.

the shift Arp is given by Arp = P'Q.

For rf(ef , let ABf = LPOQ. Then the
corresponding Arf is given by Arf = 7'q.

The same relation applies to r(6). A4r = P'Q

holds for A8 = LROQ. Consequently, Ar = Arf

= Ar .
p

It follows from Fig. 4 that

40°=40f—A0 (10)
Consequently,
_A__f.’_.=______l____. (11)
40, 40[ 40
d-rf AT

Equation (11) represeants the rate of change
in distance to the intersection of r and rf

from the origin, corresponding to the rota-
tion of the overlapping pattern.

Consider the situation concerning the
spiral fluid of Fig. 3, where omne of the
lines is to be represented on rf(Bf) of Fig.

4 as movement of a particle. Since | A}
= const in Fig. 3, the intersection of r(8)
and rf(ef) as a particle should move with a

constant speed on rf(ef) with rotation of

the overlapping pattern. Letting the angle
between the tangent of rf(ef) and OP be Ef’

the velocity v of the particle at P on the

fixed l1line rf can be represented as
! Arp 1
= A : * —
v(=14D) 46, coséy (12)

Letting the value of Eq. (12) be const.
(z v~1) and substituting it into Eq. (11),
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Demonstration of centrifugal spherical
waves.

48 40 Since
cosf/(d / —T)ZT (13) T (dﬂf) /
T T tané, = =y =r/l (15
’ AN dry 1d0)) 4r, )
It follows from Eq. (9) that
from Eqs. (13) and (15) we obtain
df/ =L(=drf) (14)
48y 407

446 1

2
o e - 1+£— (16)
4r 1 J A




Fig. 3. A fluid model (adapted from Berkley's model)
Al = const.

-Fig. 4. Moving of an intersection.

Letting A8 + d8 and Ar + dr, + const. {18)

'2 where

a=f¢o=f(—i——r 1+ -:—;)dr (17

(19)
is obtained. Applying integration by sub- L i
stitution,to the second term in the right-
hand side: & Thus, by specifying 7 and y, the fixed

and the overlapping lines are determined from

T rl 1 Egqs. (9) and (18). No generality is lost by
0=T+_‘ - - +t2 loglo|+—w setting const. = 0 in Eq. (18). 17 is the

4 2w 2 parameter concerning the direction of motion




(a)overlapped lines

. /
(c)reversal moire
pattern

Fig. 5. ‘Dé‘monstr'ation of a fluid model by reversal Moiré.
Fl'o’w is spirally centrifugal and | A] = const.
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of the particle. y is a parameter such that
the particle velocity, when the overlapping
line 1is rotated around the origin, is in-
creased by making y approach 0.

The fixed and overlapping patterns are
obtained as follows. By setting the origin,
Eqs. (9) and (18) are plotted by rotating
the overlapping pattern for a specified step
(called pitch). Let the pitch of the fixed
pattern be sf(rad) and that of the overlap-~

ping pattern be s(rad). Then mfsf = 21 and
ms = 2% hold, where m,. and m are the num-

bers of fixed and overlapping lines.

Figure 5 shows the parts of fixed and
overlapping patterns together with the be-
havior of the set of particles when the two
patterns are superposed. The parameters I,
r, mf and m are determired based on ease of

observation when the reverse Moiré pattern
is actually projected on the screen. In this
case, they are set as 7 = 12/(w/4)(cm), ¥

= 0.2 cmfl, me = 20 and m = 100.

4. Electric Lines of Force by a Pair of

Point Charges

The configuration of the electric lines
of force produced by a pair of point or line
charges {s an important topic of study in
electromagnetics. Oster et al. [7] showed

that by slightly eccentric superposition of
two radial patterns with uniform pitch a
number of circles are produced as a Moiré
pattern passing through the two centers.
The circles are the same as the electric
lines of force in the field produced by. two
parallel lines with equal positive and nega-
tive charges [9]. This paper describes a
method in which a suitable nonuniformity is
provided in the pitchk of the radial pattern
and electric lines of force are produced by
a pair of point charges. '

Consider a pair of point charges with
distance of 2w, as shown in Fig. 6(a). Con-
sider only the.charge of +§. Denoting the
solid angle by Q, ﬂ(8+), seen from Fig. 6(b),

is given as

2(0,)=1—cos b, (20)
The total number N of electric lines

of force in 0 < 8+ < 90 is proportional to

9(60). Conseéquently, preparing the radial

pattern so that the density of the set of

lines is proportional to dR/d®, (= sing ),

the number n of lines in 0 = 9+ < 80 is pro-

portional to N. Figure 7(a) is an example
of such-a radial pattern. Preparing two
such reverse patterns and superposing them
with centers shifted slightly along the x
direction, the reversed Moiré pattern of (b)
is obtained. The reverse Molré is used for
ease of observation. It is set that n = 60
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straight lines are superposed. Let the sets
of straight lines be represented by the x -

y coordinates as F(z, y) = ¥Y(h) and G(x, y)

= ¢(k). Then the relation ©(h, k) = p is
satisfied for a certain function O(h, k) [7].
h and k are integers specifying the individual



gtraight lines in the two sets.  In the case
of Fig. 7(c), the straight lines are num-
bered as 0, 1, **+ from the smaller anmgle.

p is the integer parameter specifying the
individual curves (or straight lines) in the
set of curves generated as a Moiré pattern
(Fig. 7(b)). '

It is seen from the examples of h and
k in (c) that ‘

6(h, k)=h—k (21)

Considering the basic property that the
electric lines of force do not intersect, it
{s seen that the curve represented by Eq.
(21) = const. is exactly the electric line
of force. This property is also seen from
the following analysis.

Let the centers of the two radial pat-
terns be (w, 0) and (-w, 0). Applying the
half-angle theorem to Eq. (20), the sets of

straight lines in the two patterns are repre-

sented as follows:

y=(:c—w) tan(2 sin' {&/n )

y=(x+w)lan(25ﬁfle/n ) (22)
A, k=0,1,-,n—1
Consequently,
x—w x+w

cosf,—cosb_=

_2(h-k) __ 2p (23)

n n

and the curve represented by Eq. (23) = const.

is the same as the equation for the electric
lines of force produced by a pair of equal
positive and negative point charges.

S. Discussion

In representation of a centrifugal wave

the propagation velocities in the two media

are given by Eq. (2). n = 0 gives the basic
model, but ‘the models for n > 0 or n < 0 can
also be used as educational material for the
change or difference of propagation constant.

The following situation is common to the cen-—

trifugal wave and fluid model. The three
operations of setting the centers of the two
patterns, setting the fixed pattern on the

OHP stage and the rotation of the overlapping

pattern should be performed in parallel.
Since it is rather difficult for one person
to perform all of these operations, they can
be simplified by the following elaboration.
A transparent plate of the same size as the

Tty Jeraty

OHP stage is prepared with a pin at the
center. The two patterns have a hole at the
center, through which the pin 1s inserted.

As an additional note, it is not neces-
sary that the wave pattern of the Moiré be
clearly projected on the OHP screen. It is
seen to be more impressive if the pattern is
slightly blurred by setting the focus in the
middle of the OHP and the screen.

The following method is convenient in
comparing the electric lines of force pro-
duced by a pair of point charges and those
produced by a pair of line charges. For
® < n, radial straight lines with uniform
pitch are drawn in reverse pattern and for
7 S 6 < 21 Fig. 7(a) 1s drawn in the reverse
pattern. By superposing these two sets of
patterns, the filelds of both the point and
line charges can simultaneously be displayed
by OHP.

In construction of the radial pattern
from the dipole discussed in the previous
section, if the total number of straight
lines in the two patterns are set in the
ratio of 1:2, the electric lines of force
are for the case where the charges are ~@
and 2@ (or -2Q and §). This type of dis-
play, however, is not practical for such
reasons as generation of unwanted Moiré pat-
terns. If the relation between the varying
charges and the electric lines of force is
the object of study, the use of computer
graphics will be more appropriate.

Figure 7(b) also well represents the
quantitative tendency for the density of the
electric lines of force to decrease with
distance from the dipole along the y direc-
tion. The density of the displayed lines 1is
not equal to the actual density, but it will
still be useful in teaching electromagnetics
when the configuration of the electric lines
of force is the major concern.

6. Conclusions

This paper reported on the development
of several OHP equipments for physics educa-
tion using Moiré techniques. The three
principal topics discussed were centrifugal
waves, a fluid model for vector analysis
and electric lines of force produced by a
dipole. The design for the patterms to pro-
duce the desired Moiré patterns was dis-
cussed. Problems left for future study are
to examine the usefulness of the equipments
and their utilization in actual classrooms.
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